Abstract. In this paper we study the analytic torsion and the L 2 -torsion of compact locally symmetric manifolds. We consider the analytic torsion with respect to representations of the fundamental group which are obtained by restriction of irreducible representations of the group of isometries of the underlying symmetric space. The main purpose is to study the asymptotic behavior of the analytic torsion with respect to sequences of representations associated to rays of highest weights.
Introduction
Let G be a real, connected, linear semisimple Lie group with finite center and of noncompact type. Let K ⊂ G be a maximal compact subgroup. Then X = G/K is a Riemannian symmetric space of the noncompact type. Let Γ ⊂ G be a discrete, torsion free, co-compact subgroup. Then X = Γ\ X is a compact oriented locally symmetric manifold. Let d = dim X. Let τ be a finite-dimensional irreducible representation of G on a complex vector space V τ . Denote by E τ the flat vector bundle over X associated to the representation τ | Γ of Γ. By [MtM, Lemma 3 .1], E τ can be equipped with a distinguished Hermitian fiber metric, called admissible. Let ∆ p (τ ) be the Laplace operator acting on E τ -valued p-forms on X. Denote by ζ p (s; τ ) the zeta function of ∆ p (τ ) (see [Sh] ). Then the analytic torsion T X (τ ) ∈ R + is defined by (1.1) log T X (τ ) = 1 2
(see [RS] , [Mu2] ). Since we have chosen distinguished metrics, we don't indicate the metric dependence of T X (τ ). We also consider the L 2 -torsion T
X (τ ). Following Lott [Lo] and Mathai [Mat] , this torsion can be defined using the Γ-trace of the heat operators on X.
The main purpose of this paper is to study the asymptotic behavior of T X (τ ) and T
X (τ ) for certain sequences of representations τ of G. This problem was first studied in [Mu3] in the context of hyperbolic 3-manifolds. The method used in this paper was based on the study of the twisted Ruelle zeta function. In [MP] we have developed a different and simpler method which we used to extend the results of [Mu3] to compact hyperbolic manifolds of any dimension. In the present paper, we generalize the results of the previous papers to arbitrary compact locally symmetric spaces. Recently, Bismut, Ma, and Zhang [BMZ1] , [BMZ2] , studied the asymptotic behavior of the analytic torsion by a different method and in the more general context of analytic torsion forms on arbitrary compact manifolds. Furthermore, Bergeron and Venkatesh [BV] studied the asymptotic behavior of the analytic torsion if the flat bundle is kept fixed, but the discrete group varies in a tower {Γ N } N ∈N of normal subgroups of finite index of Γ. They used this to study the growth of the torsion subgroup in the cohomology of arithmetic groups. In [MaM] the results of [Mu3] have been used to study the growth of the torsion in the cohomology of arithmetic hyperbolic 3-manifolds, if the lattice is kept fixed and the flat bundle varies. The results of the present paper will be used to study the growth of the torsion in the cohomology of arithmetic groups in higher rank cases. Now we explain our results in more detail. Let δ( X) = rank C (G) − rank C (K). Occasionally we will denote this number by δ(G). Let g be the Lie algebra of G. Let h ⊂ g be a fundamental Cartan subalgebra. Let G C denote the connected complex linear Lie group corresponding to the complexification g C of g and let U be a compact real form of G C such that h C is the complexification of a Cartan-subalgebra of U. Then the irreducible finite dimensional complex representations of G can be identified with the irreducible finite dimensional complex representations of U. Fix positive roots ∆ + (g C , h C ). Let θ : g → g be the Cartan involution. For a highest weight λ ∈ h * C which we always assume to be analytically integral with respect to U we let τ λ be the irreducible representation of G corresponding to the representation of U with highest weight λ. We will also say that τ λ is the representation of G of highest weight λ. Then we denote by λ θ ∈ h * C the highest weight of τ λ • θ, where we regard θ as an involution on G. Our main result is the following theorem.
Theorem 1.1. (i) Let X be even dimensional or let δ( X) = 1. Then T X (τ ) = 1 for all finite-dimensional representations τ of G.
(ii)Let X be odd-dimensional with δ( X) = 1. Let λ ∈ h * C be a highest weight with λ θ = λ. For m ∈ N let τ λ (m) be the irreducible representation of G with highest weight mλ. There exist constants c > 0 and C X = 0, which depends on X, and a polynomial P λ (m), which depends on λ, such that (1.2) log T X (τ λ (m)) = C X vol(X) · P λ (m) + O e −cm as m → ∞. Furthermore, there is a constant C λ > 0 such that
where R λ (m) is a polynomial whose degree equals the degree of the polynomial dim(τ λ (m)).
We note that (1.2) provides a complete asymptotic expansion for log T X (τ λ (m)). If one is only interested in the leading term, one can use (1.3) which implies that there exists a constant C = C( X, λ) = 0, which depends on X and λ, such that (1.4) log T X (τ λ (m)) = C vol(X) · m dim(τ λ (m)) + O (dim(τ λ (m))) as m → ∞. Now the coefficient of the highest power can determined by Weyl's dimension formula.
The condition λ = λ θ is essential for our method to work. It implies the existence of an increasing spectral gap for the corresponding Laplace operators (see Corollary 7.6). It is a challenging and very interesting problem to extend Theorem 1.1 to the case λ = λ θ .
For hyperbolic manifolds, we proved the vanishing result (i) of Theorem 1.1 in [MP, Proposition 1.7] . In general it was first proved by Bismut, Ma, and Zhang [BMZ2] . It extends a result of Moscovici and Stanton [MS1] who showed that T X (ρ) = 1, if δ( X) ≥ 2 and ρ is a unitary representation of Γ. Our proof is different from the previous proofs and, as we believe, also simpler. It does not rely on the use of orbital integrals or the Fourier inversion formula.
Part (ii) is a consequence of the following two propositions. The first one shows that the asymptotic behavior of the analytic torsion with respect to the representations τ λ (m) is determined by the asymptotic behavior of the L 2 -torsion.
Proposition 1.2. Let X be odd-dimensional with δ( X) = 1. Let λ ∈ h * C be a highest weight. Assume that λ θ = λ. For m ∈ N let τ λ (m) be the irreducible representation of G with highest weight mλ. Then there exists c > 0 such that (1.5) log T X (τ λ (m)) = log T This result was first proved in [MP] for hyperbolic manifolds. It was also proved in [BMZ2] in the more general context of this paper (see Remark 7.8). Our method of proof of (1.5) follows the method developed in [MP] .
The key result on which part (ii) of Theorem 1.1 relies is the computation of the L 2 -torsion. The computation is based on the Plancherel formula. It gives Proposition 1.3. Let the assumptions be as in Proposition 1.2. There exists a constant C X , which depends on X, and a polynomial P λ (m), which depends on λ, such that
Finally, we note that if one specializes the main result of [BMZ2] , Theorem 1.1, to the case of analytic torsion of a locally symmetric space, one can also determine the leading term of the asymptotic expansion of (1.4). This has been carried out in [BMZ2] in the case of hyperbolic 3-manifolds.
If we consider one of the odd-dimensional irreducible symmetric spaces X with δ( X) = 1 and choose λ to be (an integral multiple of) a fundamental weight, the statements can be made more explicit.
, p > 1, p, q odd, p ≥ q, and let X := G/K. Let n := (p + q − 2)/2. There are two fundamental weightsω ± f,n which are not invariant under θ and we let ω ± f,n := 2ω ± f,n (see (6.15)). One has ω − f,n = (ω + f,n ) θ . By equation (6.21), it suffices to consider the weight ω + f,n . For m ∈ N let τ (m) be the representation with highest weight mω + f,n . By Weyl's dimension formula there exists a constant C > 0 such that
as m → ∞. Let X d be the compact dual of X. We let ǫ(q) := 0 for q = 1 and ǫ(q) := 1 for q > 1 and we let (1.9) C p,q := (−1)
Corollary 1.4. Let p, q odd and let X = SO 0 (p, q)/ SO(p) × SO(q) and let X = Γ\ X. With respect to the above notation we have
as m → ∞.
The case q = 1 was treated in [MP] and the case p = 3, q = 1 in [Mu3] . In the latter case we have Spin(3, 1) ∼ = SL(2, C). The irreducible representation of Spin(3, 1) with highest weight 1 2 (m, m) corresponds to the m-th symmetric power of the standard representation SL(2, C) on C 2 and we have
The remaining case is X = SL(3, R)/ SO(3). There are two fundamental weights ω i , i = 1, 2. Both are non-invariant under θ. Let τ i (m), i = 1, 2, be the irreducible representation with highest weight mω i . By Weyl's dimensiona formula one has
as m → ∞. Let X d be the compact dual of X.
Corollary 1.5. Let X = SL(3, R)/ SO(3) and X = Γ\ X. We have
Using the equality of analytic and Reidemeister torsion [Mu2] , we obtain corresponding statements for the Reidemeister torsion τ X (τ λ (m)). Especially we have Finally we note that Bergeron and Venkatesh [BV] proved results of a similar nature, but in a different aspect. Let δ( X) = 1. Let Γ ⊃ Γ 1 ⊃ · · · ⊃ Γ N ⊃ · · · be a tower of subgroups of finite index with ∩ N Γ N = {e}. A representation τ of G is called strongly acyclic, if the spectrum of the Laplacians ∆ p (τ ) on Γ N \ X stays uniformly bounded away from zero. Then for a strongly acyclic representation τ they show that there is a constant c G,τ > 0 such that
Next we explain our methods to prove Theorem 1.1. The first step is the proof of Proposition 1.2. We follow the proof used in [MP] . For an irreducible representation τ of G and t > 0 put
Assume that τ | Γ is acyclic, that is H * (X, E τ ) = 0. Then the analytic torsion is given by
. Now the key ingredient of the proof of Proposition 1.2 is the following lower bound for the spectrum of the Laplacians. For every highest weight λ which satisfies λ θ = λ, there exist C 1 , C 2 > 0 such that
(see Corollary 7.6). Since τ λ (m) is acyclic and dim X is odd, T X (τ λ (m)) is metric independent [Mu2] . Especially, it is invariant under rescaling of the metric. So we can replace
(1.12)
It follows from (1.11) and standard estimations of the heat kernel that the second term on the right is O(e − m 8 ) as m → ∞. To deal with the first term, we use a preliminary form of the Selberg trace formula. It turns out that the contribution of the nontrivial conjugacy classes to the trace formula is also exponentially decreasing in m. Finally, the identity contribution equals log T (2) X (τ λ (m)) up to a term, which is exponentially decreasing in m. This implies Proposition 1.2.
To deal with the L 2 -torsion, we recall that for any τ , log T
(2) X (τ ) it is defined in terms of the Γ-trace of the heat operators e −t ∆p(τ ) on the universal covering [Lo] , [Mat] . In our case, e −t ∆p(τ ) is a convolution operator and its Γ-trace equals the contribution of the identity to the spectral side of the Selberg trace formula applied to e −t∆p(τ ) . It follows that log T (2)
where t (2) X (τ ) depends only on X and τ . To compute t (2) X (τ ) we factorize X as X = X 0 × X 1 , where δ( X 0 ) = 0 and X 1 is irreducible with δ( X 1 ) = 1. Let τ = τ 0 ⊗τ 1 be the corresponding decomposition of τ . Let X 0,d be the compact dual symmetric space of X 0 . Using a formula similar to [Lo, Proposition 11] , we get
This reduces the computation of t (2) X (τ ) to the case of an irreducible symmetric space X with δ( X) = 1 which is odd-dimensional. From the classification of simple Lie groups it follows that the only possibilities for
k, l odd. Using the Plancherel formula, t (2) X (τ ) can be computed explicitly for these cases.
Combined with Weyl's dimension formula, it follows that t (2) X (τ λ (m)) is a polynomial in m. In this way we obtain our main result.
The paper is organized as follows. In section 2 we collect some facts about representations of reductive Lie groups. Section 3 is concerned with Bochner-Laplace operators on locally symmetric spaces. The main result are estimations of the heat kernel of a Bochner-Laplace operator. In section 4 we consider the analytic torsion in general. The main result of this section is Proposition 4.2, which establishes part (i) of Theorem 1.1. Section 5 is devoted to the study of the L 2 -torsion. We reduce the study of the L 2 -torsion to the case of an irreducible symmetric space X with δ( X) = 1. This case is then treated in section 6. Especially we establish Proposition 1.3 in this case. In section 7 we prove a lower bound for the spectrum of the twisted Laplace operators. This is the key result for the proof of Proposition 1.2. In the final section 8 we prove our main result, Theorem 1.1.
Preliminaries
In this section we summarize some facts about representations of reductive Lie groups.
2.1. Let G be a real reductive Lie group in the sense of [Kn2, p. 446] . Let K ⊂ G be the associated maximal compact subgroup. Then G has only finitely many connected components. Denote by G 0 the component of the identity. Let g and k denote the Lie algebras of G and K, respectively. Let g = k ⊕ p be the Cartan decomposition.
We denote byĜ the unitary dual and byĜ d the discrete series of G. By Rep(G) we denote the equivalence classes of irreducible finite-dimensional representations of G.
Let Q be a standard parabolic subgroup of G [Kn2, VII.7] . Then Q has a Langlands decomposition Q = MAN, where M is reductive and A is abelian. Q is called cuspidal if
be the induced representation acting by the left regular representation on the Hilbert space
with norm given by
If ν ∈ a * , then π ξ,ν is unitarily induced. Denote by Θ ξ,ν the global character of π ξ,ν .
2.2. Next we recall some facts concerning the discrete series. Let G be a linear semisimple connected Lie group with finite center. Let K ⊂ G be a maximal compact subgroup.
be the corresponding roots with Weyl-groups W G , W K . Then one can regard W K as a subgroup of W G . Let P be the weight lattice in it * . Let ·, · be the inner product on it * induced by the Killing form. Recall that Λ ∈ P is called regular if Λ, α = 0 for all α ∈ ∆(g C , t C ). ThenĜ d is parametrized by the W K -orbits of the regular elements of P , where W K is the Weyl group of ∆(k C , t C ), [Kn1, Theorem 12.20, Theorem 9.20] . If Λ is a regular element of P , the corresponding discrete series will be denoted by ω Λ . For π ∈Ĝ we denote by χ π the infinitesimal character of π. For a regular element Λ ∈ h * C let χ Λ be the homomorphism of Z(g C ), defined by [Kn1, (8.32)] . By [Kn1, Theorem 9.20] , the infinitesimal character of ω Λ is given by χ Λ . Fix positive roots ∆ + (g C , t C ) and let P + be the corresponding set of dominant weights. Let ρ G be the half sum of the elements of ∆ + (g C , t C ) Then we have the following proposition.
Moreover, there are exactly |W G |/|W K | distinct elements ofĜ d with infinitesimal character χτ , whereτ is the contragredient representation of τ .
Proof. Let Λ(τ ) ∈ P + be the highest weight of τ . Clearly Λ(τ ) + ρ G is regular. Thus, since W G acts freely on the regular elements, the proposition follows from [BW, Theorem I.5.3] and the above remarks on infinitesimal characters. 2.3. Let Q = MAN be a standard parabolic subgroup. In general, M is neither semisimple nor connected. But M is reductive in the sense of [Kn2, p. 466] 
M be the component of the identity, and let k m := k ∩ m be its Lie algebra. Assume that rank(M) = rank(K M ). Then M has a nonempty discrete series, which is defined as in [Kn1, XII, §8] . The explicit parametrization is given in [Kn1, Proposition 12.32] , [Wa2, section 8.7 .1].
Bochner Laplace operators
Let G be a semisimple connected Lie group with finite center. Let K ⊂ G be a maximal compact subgroup. Let X = G/K. Let Γ be a torsion free, cocompact discrete subgroup of G and let X = Γ\ X.
Let ν be a finite-dimensional unitary representation of K on the space (V ν , ·, · ν ) let
be the associated homogeneous vector bundle over X. Let R g : E ν → E ν be the action of g ∈ G. The inner product ·, · ν induces a G-invariant fiber metric h ν on E ν . Let ∇ ν be the connection on E ν induced by the canonical connection on the principal K-fiber bundle
be the associated locally homogeneous bundle over X. Sinceh ν and ∇ ν are G-invariant, they can be pushed down to a metric h ν and a connection ∇ ν on E ν . Let C ∞ ( X, E ν ) resp. C ∞ (X, E ν ) denote the space of smooth sections of E ν resp. of E ν . Let
and let L 2 (Γ\G, ν) be the corresponding L 2 -space. The isomorphisms (3.2) and (3.3) descend to isomorphisms
Let ∆ ν = ∇ ν * ∇ ν be the Bochner-Laplace operator of E ν . Since X is complete, ∆ ν with domain the space of smooth compactly supported sections is essentially self-adjoint [LM, p. 155] . Its self-adjoint extension will be denoted by ∆ ν too. With respect to the isomorphism (3.2) one has
where R denotes the right regular representation of G on
commutes with the action of G. Therefore, it is of the form
and satisfies the covariance property
It follows as in [BM, Proposition 2.4 ] that H ν t belongs to all Harish-Chandra Schwartz
. Let ∆ 0 be the Laplacian on functions on X and let H 0 t be the associated heat kernel as above. We may use the principle of semigroup domination to bound H ν t (g) by the scalar heat kernel. Indeed we have Proposition 3.1. Let ν ∈K. Then we have
Proof. Let K ν (t, x, y) be the kernel of e −t ∆ν , acting in L 2 ( X, E ν ). Denote by |K ν (t, x, y)| the norm of the homomorphism
It was proved in [Mu1, p. 325] that in the sense of distributions, one has
where ∆ 0 acts in the x-variable. Using (3.15) in [Mu1] one can proceed as in the proof of Theorem 4.3 of [DL] to show that
where K 0 (t, x, y) is the kernel of e −t ∆ 0 . See also [Gu, p. 7] . Now observe that
is an isometry, the proposition follows from (3.9).
Now we pass to the quotient X = Γ\ X. Let ∆ ν = ∇ ν * ∇ ν be the Bochner-Laplace operator. It is essentially self-adjoint. Let R Γ be the right regular representation of G on C ∞ (Γ\G, ν). By (3.6) it follows that with respect to the isomorphism (3.5) we have (3.10)
Let e −t∆ν be the heat semigroup of ∆ ν , acting on L 2 (Γ\G, ν). Then e −t∆ν is represented by the smooth kernel
The convergence of the series in (3.11) can be established, for example, using Proposition 3.1 and the methods from the proof of Proposition 3.2 below. Put
where tr : End(V ν ) → C is the matrix trace. Then the trace of the heat operator e −t∆ν is given by
Using results of Donnelly we now prove an estimate for the heat kernel H 0 t of the Laplacian ∆ 0 acting on C ∞ ( X).
Proposition 3.2. There exist constants C 0 and c 0 such that for every t ∈ (0, 1] and every g ∈ G one has Do1, Theorem 3.3 ] that there exists a constant C 1 such that for every g ∈ G and every t ∈ (0, 1] one has
Let x ∈ X and let B R (x) be the metric ball around x of radius R. Let h > 0 be the topological entropy of the geodesic flow of X (see [Man] ). There exists C 2 > 0 such that
hR , R > 0 (3.15) [Man] . Since Γ is cocompact and torsion-free, there exists an ǫ > 0 such that B ǫ (x) ∩ γB ǫ (x) = ∅ for every γ ∈ Γ − {1} and every x ∈ X. Thus for every x ∈ X the union over all γB ǫ (x), where γ ∈ Γ is such that ρ(x, γx) ≤ R is disjoint and is contained in B R+ǫ (x). Using (3.15) it follows that there exists a constant C 3 such that for every x ∈ X one has #{γ ∈ Γ : ρ(x, γx) ≤ R} ≤ C 3 e hR .
Hence there exists a constant C 4 > 0 such that for every x ∈ X one has
We have c 1 > 0. Using (3.14) and (3.16), it follows that there are constants c 0 > 0 and C 0 > 0 such that for every g ∈ G and 0 < t ≤ 1 we have
The analytic torsion
Let τ be an irreducible finite-dimensional representation of G on V τ . Let E τ be the flat vector bundle over X associated to the restriction of τ to Γ. Let E τ be the homogeneous vector bundle associated to τ | K and let E τ := Γ\ E τ . There is a canonical isomorphism
Such an inner product is called admissible. It is unique up to scaling. Fix an admissible inner product. Since τ | K is unitary with respect to this inner product, it induces a metric on E τ , and by (4.1) on E τ , which we also call admissible. Let
Then there is a canonical isomorphism
of locally homogeneous vector bundles. Let Λ p (X, E τ ) be the space the smooth E τ -valued p-forms on X. The isomorphism (4.3) induces an isomorphism
where the latter space is defined as in (3.4). A corresponding isomorphism also holds for the spaces of L 2 -sections. Let ∆ p (τ ) be the Hodge-Laplacian on Λ p (X, E τ ) with respect to the admissible metric in E τ . Let R Γ denote the right regular representation of G in L 2 (Γ\G). By [MtM, (6.9) ] it follows that with respect to the isomorphism (4.4) one has
We remark that in [MtM] it is not assumed that G does not have compact factors, see the remark on page 372 of [MtM] , and so we do not make this assumption either. Let
Then K(t, τ ) − h(τ ) decays exponentially as t → ∞ and it follows from (1.1) that
where the right hand side is defined near s = 0 by analytic continuation of the Mellin trans-
Then again it follows from [MtM, (6.9 
It is a smoothing operator which commutes with the action of G. Therefore, it is of the form
where the kernel
belongs to C ∞ ∩ L 2 and satisfies the covariance property
with respect to the representation (4.2). Moreover, for all q > 0 we have
where C q (G) denotes Harish-Chandra's L q -Schwartz space. The proof is similar to the proof of Proposition 2.4 in [BM] . Now we come to the heat kernel of ∆ p (τ ). First the integral kernel of e −t∆p(τ ) , regarded as an operator in L 2 (Γ\G, ν p (τ )), is given by
As in section 3 this series converges absolutely and locally uniformly. Therefore the trace of the heat operator e −t∆p(τ ) is given by
where tr denotes the trace tr :
Using (4.12) we obtain (4.14)
Tr
Then it follows that
Let R Γ be the right regular representation of G on L 2 (Γ\G). Then (4.16) can be written as
We shall now compute the Fourier transform of k τ t . To begin with let π be an admissible unitary representation of G on a Hilbert space H π . Set
This defines a bounded operator on H π ⊗ Λ p p * ⊗ V τ . As in [BM, it follows from (4.10) that relative to the splitting 
Let π ∈Ĝ and let Θ π denote its character. Then it follows from (4.15), (4.18) and (4.19) that
Now we consider the case of a principle series representation. Let Q be a standard cuspidal parabolic subgroup. Let Q = MAN be the Langlands decomposition of Q. Denote by a the Lie algebra of A. Let K M = K ∩ M. Let (ξ, W ξ ) be a discrete series representation of M and let ν ∈ a * C . Let π ξ,ν be the induced representation and let Θ ξ,ν be the character of π ξ,ν (see section 2).
Proposition 4.1. Let Y ∈ a be a unit vector and let p Y be the orthogonal complement of
Proof. By Frobenius reciprocity [Kn1, p. 208] and (4.20) we get
(4.21)
Tensoring with W ξ and V τ and taking K M -invariants, we obtain (i).
To prove (ii), suppose that there is a nonzero Assume that δ(X) ≥ 2 or assume thatX is even-dimensional. Then T X (τ ) = 1 for all finite-dimensional irreducible representations τ of G.
. Now insert k π t on both sides and apply the trace. If we recall that Θ π (k τ t ) = tr π(k τ t ) and use (4.17), we get
The series on the right hand side is absolutely convergent. First assume that δ(X) ≥ 2. By [De, section 2.2] the Grothendieck group of all admissible representations of G is generated by the representations π ξ,λ , where π ξ,λ is associated to some standard cuspidal parabolic subgroup Q of G as in (2.1). Since δ(X) ≥ 2 one has Θ ξ,λ (k τ t ) = 0 for every such representation by Proposition 4.1. Thus one has Θ π (k τ t ) = 0 for every irreducible unitary representation of G. By (4.22) it follows that K(t, τ ) = 0. Let h(τ ) be as in (4.6). Since K(t, τ ) − h(τ ) decays exponentially as t → ∞, it follows that K(t, τ ) − h(τ ) = 0 and using (4.7), the first statement follows. Now assume that d = dim X is even. Note that as K-modules we have
Since d is even, it follows that in the representation ring R(K) we have the following equality
Let H π,K be the subspace of H π consisting of all smooth K-finite vectors. Then [BW] ). Using the Poincaré principle we get
Now by [BW, II.3.1, I.5 .3] we have
Hence for every π ∈Ĝ one has Θ π (k τ t ) ∈ Z and Θ π (k τ t ) is independent of t > 0. Since the series on the right hand side of (4.22) converges absolutely, there exist only finitely many π ∈Ĝ with m Γ (π) = 0 and Θ π (k τ t ) = 0. Thus K(t, τ ) is independent of t > 0. Let h(τ ) be defined by (4.6). Then K(t, τ ) − h(τ ) = O(e −ct ) as t → ∞. Hence K(t, τ ) = h(τ ). By (4.7) it follows that T X (τ ) = 1.
L 2 -torsion
In this section we study the L 2 -torsion T
X (τ ). For its definition we refer to [Lo] , [Mat] . Actually, in [Lo] and [Mat] only the case of the trivial representation τ 0 has been discussed. However the extension to a nontrivial τ is straight forward. The definition is based on the Γ-trace of the heat operator e −t ∆p(τ ) on the universal covering X (see [Lo] , [Mat] ). For our purposes, it suffices to introduce the L 2 -torsion for representations τ on X which satisfy
be the function defined by (4.13). By homogeneity it follows that in our case the Γ-trace is given by
In order to define the L 2 -torsion we need to know the asymptotic behavior of h τ,p
To deal with the second term on the right, we consider the representation ν p (τ ) of K which is defined by (4.2), and for p = 0, . . . , n we put
which we regard as endomorphism of Λ p p * ⊗ V τ . It defines an endomorphism of Λ p T * (X) ⊗ E τ . By (3.6) and (4.8) we have
Let ν p (τ ) = ⊕ σ∈K m(σ)σ be the decomposition of ν p (τ ) into irreducible representations. This induces a corresponding decomposition of the homogeneous vector bundle
With respect to this decomposition we have
where σ(Ω K ) is the Casimir eigenvalue of σ and V σ is the representation space of σ, and
This shows that ∆ νp(τ ) (τ ) commutes with E p (τ ). Let H νp(τ ) t be the kernel of e −t ∆ νp (τ ) and let H τ,p t be the kernel of e −t ∆p(τ ) . Using (5.4) we get
Let c ∈ R be such that E p (τ ) ≥ c. By Proposition 3.1 it follows that
Taking the trace in End(
(5.9) By Proposition 3.2 there exist C 1 , c 1 > 0 such that (5.10)
Tr e −t∆p(τ ) + O(e −c 1 /t ) for 0 < t ≤ 1. Using the asymptotic expansion of Tr e −t∆p(τ ) (see [Gi] ), it follows that there is an asymptotic expansion
as t → 0. To study the behavior of h τ,p t (1) as t → ∞, we use the Plancherel theorem, which can be applied since h τ,p t is a K-finite Schwarz function. Let π be an admissible unitary representation of G on a Hilbert space H π . It follows from (4.18) and (4.19) that
Let Q = MAN be a standard parabolic subgroup of G. Let (ξ, W ξ ) be a discrete series representation of M. Let ·, denote the inner product on the real vector space a * induced by the Killing form. Fix positive restricted roots of a and let ρ a denote the corresponding half-sum of these roots. Define a constant c(ξ) by
Recall that for ν ∈ a * one has
Then by the Plancherel theorem, [HC, Theorem 3] and (5.13) we have
Here the outer sum is over all association classes of standard cuspidal parabolic subgroups of G and p ξ (iν), the Plancherel-density, is of polynomial growth in ν.
By Frobenius reciprocity we have
Thus we get
The exponents of the exponential factors in front of the integrals are controlled by the following lemma.
Proof. Assume that τ (Ω) − c(ξ) ≤ 0. Then by (5.13) there exists a ν 0 ∈ a * such that
Together with (5.14), our assumption and [BW, Proposition II.3 .1] it follows that
where H ξ,ν 0 ,K are the K-finite vectors in H ξ,ν 0 Since τ ∼ = τ θ , this is a contradiction to the first statement of [BW, Proposition II. 6 .12].
Let τ be an irreducible representation of G which satisfies τ ∼ = τ θ . It follows from (5.15) and Lemma 5.1 that there exists c > 0 such that
as t → ∞. Using (5.11) and (5.16) it follows from standard methods, see for example [Gi] , that the Mellin transform
converges absolutely and uniformly on compact subsets of the half-plane Re(s) > d/2 and admits a meromorphic extension to C which is holomorphic at s = 0 if d = dim(X) is odd and has at most a simple pole at s = 0 for d = dim(X) even. Thus we can define the
where the right hand side is defined near s = 0 by analytic continuation. For t > 0 let
(τ ) depends only on the symmetric space X and τ , and we have
Next we establish an auxiliary result concerning the twisted Euler characteristic. We let τ ∈ Rep(G) be arbitrary. Let H p (X, E τ ) := ker ∆ p (τ ) be the space of E τ -valued harmonic p-forms. Let
be the twisted Euler characteristic. Furthermore, letX d denote the compact dual ofX. The following proposition is a familar consequence of the index theorem. For the convenience of the reader we include an independent proof.
Proposition 5.2. If δ(X) = 0, we have χ(X, E τ ) = 0. If δ(X) = 0, one has
where n = dim( X)/2.
Proof. Let π ∈Ĝ. It follows from (4.18) and (4.20) that
Using [BW, II.3 .1] and the Poincaré principle as in the proof of Proposition 4.2, we get 
Now by [BW, Theorem I.5.3] it follows that if
whereĜ d denotes the discrete series of G and d(π) denotes the formal degree of π. The sum is finite. Let
be the L 2 -Betti number. Using that (5.24) is independent of t and (5.1), we get
By the Γ-index theorem of Atiyah [At] we have χ (2) (X, E τ ) = χ(X, E τ ). Hence by (5.24) and (5.25) we get
If δ(X) = 0 thenĜ d is empty and hence, this sum equals zero, which proves the first statement. Now assume that δ(X) = 0. ThenX is even-dimensional. Let dim(X) = 2n. We keep the notation from section 2.2. By [Ol, Corollary 5 
and so together with Proposition 2.1 we get
(5.27) Finally, by [Bo, page 175 ] one has
Applying equation (5.27), the proof of the Proposition follows.
Remark 1. We remark that if X is Hermitian and τ is the trivial representation, then equation (5.21) reduces to Hirzebruch's Proportionality principle. Now we assume that δ( X) = 1 and that X is odd-dimensional. By the classification of simple Lie groups we have X = X 0 × X 1 , where δ( X 0 ) = 0 and X 1 = SL(3, R)/ SO(3) or
Let τ be a finite-dimensional irreducible representation of G and assume that τ ∼ = τ θ . Then τ = τ 0 ⊗ τ 1 , where τ i is an irreducible representation of G i , i = 0, 1, and τ 1 ∼ = τ 1,θ .
Proposition 5.3. Let δ( X) = 1 and let X be odd-dimensional. Let X = X 0 × X 1 , where X 1 is an odd-dimensional irreducible symmetric space with δ( X 1 ) = 1. Let τ be a finitedimensional irreducible representation of G with τ ∼ = τ θ . Then
Proof. Let E → X be the homogeneous vector bundle associated to τ | K . Similarly, let E i → X i be the homogeneous vector bundle associated to
and H τ i ,p t , i = 0, 1, be the corresponding heat kernels. Then it follows that H τ,k t
Using this equality, we get
(5.28) Let Γ i ⊂ G i , i = 0, 1, any cocompact, torsion free discrete subgroup. The existence of the Γ i follows from our assumptions on the G i stated in the introduction and from results of Borel [Bor] . Put X i = Γ i \ X i and E i = Γ\ E i . By (5.25) and the remark following it we have (5.29)
Taking the Mellin transform of (5.28) and using (5.29) and Proposition 5.2, the proposition follows.
6. The asymptotics of the L 2 -torsion for δ( X) = 1
In this section we study the asymptotic behaviour of the L 2 -torsion of an odd-dimensional irreducible symmetric space X with δ( X) = 1. Then we can assume that G = SO 0 (p, q), p, q odd, and K = SO(p) × SO(q), or G = SL 3 (R) and K = SO(3). To compute the L 2 torsion in these cases, we need some preparation. Let P = MAN be a fundamental parabolic subgroup of G, i.e. we have dim(A) = 1. Let M 0 be the identity component of M and let m be its Lie algebra. Then in our case m is always semisimple. Let
M be the identity component of K M and let k m := k ∩ m be its Lie algebra. Let t be a Cartan subalgebra of k m . Then t is also a Cartan subalgebra of m and of k. Moreover h := a ⊕ t is a Cartan subalgebra of g.
Let ∆(g C , h C ), ∆(m C , t C ), ∆((k m ) C , t C ) be the corresponding roots. Then there is a canonical inclusion ∆(m C , t C ) ֒→ ∆(g C , h C ). Fix a positive restricted root e 1 ∈ a * and fix positive roots ∆ + (m C , t C ). In this way we obtain positive roots ∆ + (g C , h C ). Let ρ G resp. ρ M be the half sums of the elements of ∆ + (g C , h C ) and ∆ + (m C , t C ), respectively. By our choices we have ρ G | m = ρ M .
Let
Then we have
Moreover we let W m be the Weyl group of ∆(m C , t C ). Finally we let
The following lemma is certainly well-known and has already been used by Olbrich, [Ol, page 15] . However, for the sake of completeness, we include a proof here.
Lemma 6.1. One has
Proof. By [Kn2, Proposition 7.19 (b) 
words |W K M |/|W km | equals the number of components of M. Let a p be a maximal abelian subspace of p containing a, let ∆ ap be the corresponding restricted roots and let W (∆ ap ) be the corresponding Weyl-group. One has W (∆ ap ) = N K (a p )/Z K (a p ), where N K (a p ) resp. Z K (a p ) are the normalizer resp. centralizer of a p in K. Moreover by [Kn2, Proposition 8.85 ] each element of W (A) has a representative in N K (a p ), i.e can be extended to an element of W (∆ ap ) which fixes a. Now a case-by-case study easily implies that W (∆ ap ) contains such an element which is non-trivial if and only if G = SO 0 (p, 1). In this case M is connected. In all other cases, M has exactly two components. This proves the Lemma.
Let H 1 ∈ a with e 1 (H 1 ) = 1. Then we normalize the Killing form B by 1/B(H 1 , H 1 ). We let · be the corresponding norm on the real vector-space it * ⊕ a * . Let Ω be the Casimir element with respect to the normalized Killing form. Then for τ ∈ Rep(G) with highest weight Λ(τ ) we have
The restriction of ·, · to m is non-degenerate and Ad-invariant. Let Ω M be the corresponding Casimir element. For σ ∈ Rep(M 0 ) with highest weight Λ(σ) ∈ it * we define
Then one has c(σ) = χ σ (Ω M ) − ρ G | a 2 and thus one has
be the Weyl group of ∆(g C , h C ) and for w ∈ W g let ℓ(w) be its length with respect to the simple roots defined by ∆ + (g C , h C ). Finally let
The subspace n is even-dimensional and we write dim(n) = 2n. For k = 0, . . . , 2n let H k (n; V τ ) be the Lie-algebra cohomology of n with coefficients in V τ . Then the H k (n; V τ ) are M 0 A-modules and their decomposition into irreducible M 0 A-components can be described by the following theorem of Kostant.
Proposition 6.2. In the sense of M 0 A-modules one has
where V τ (w) is the M 0 A module with highest weight w(Λ(τ ) + ρ G ) − ρ G .
Proof. See for example [Wr, Theorem 2.5.1.3] .
Corollary 6.3. As M 0 A-modules we have
Proof. This follows from Proposition 6.2 and the Poincaré principle [Ko, (7.2. 3)].
For w ∈ W 1 let σ τ,w ∈ Rep(M 0 ) be the finite-dimensional irreducible representation of M 0 with highest weight
and let λ τ,w ∈ R be such that
Then we have the following corollary about the Casimir eigenvalue.
Proposition 6.4. For every w ∈ W 1 one has
Proof. By (6.1) we have
Let k τ t be defined by (4.15). Our next goal is to compute the Fourier transform of k τ t . Note that, since T is connected, it follows from [Wa2, section 6.9, section 8.7 .1] that for every discrete series representation ξ of M over W ξ there exists a discrete series representation ξ 0 of M 0 over W ξ 0 such that ξ is induced from ξ 0 . Moreover, since M 0 is semisimple, the discrete series of M 0 is parametrized as in section 2.2. By [Wa2, section 8.7 .1], two discrete series representations ξ 
Proof. Let ξ 0 , Λ ξ 0 be as above. Then one has
and so by Frobenius reciprocity one has
Thus by (4.18) one has
Let p Y be as in Proposition 4.1. Since dim a = 1, it follows that as K
Thus together with Corollary 6.3 and the Poincaré principle one gets
Thus the proposition follows from Proposition 2.1, Proposition 6.4, equation (6.6) and equation (6.3).
Next we come to the Plancherel measures. For ξ ∈M d we let ξ 0 ∈M 0 d be as above. Fix a regular Λ ξ 0 ∈ it * corresponding to ξ 0 as in section 2.2 and let Λ ξ := Λ ξ 0 . Choose positive roots ∆ + (m C , t C ; Λ ξ ) such that Λ ξ is dominant with respect to these roots. Let ∆ + (g C , h C ; Λ ξ ) be positive roots defined via ∆ + (m C , t C ; Λ ξ ) and e 1 and let ρ G,Λ ξ be the half-sum of the elements of ∆ + (m C , t C ; Λ ξ ). For λ ∈ R we let µ ξ (λ) be the Plancherel measure of π ξ,λ . Then there exists a polynomial P ξ (z) such that one has
The polynomial P ξ (z) is given as follows. There exists a constant cX which depends only onX such that one has [Wa3, Theorem 13.5.1] . By [Ol, Lemma 5 .1] and our normalizations one has
Note that P ξ (z) is an even polynomial in z. Now let w ∈ W m . We regard W m as a subgroup of W g . Then if we replace Λ ξ by wΛ ξ , we have to replace ∆ + (g C , t C ; Λ ξ ) by w∆ + (g C , t C ; Λ ξ ). This implies that P ξ (z) depends only on the W m -orbit of Λ ξ or equivalently on the infinitesimal character χ(ξ) of ξ. Thus if for σ ∈ Rep(M 0 ) with highest weight Λ(σ) we let (6.10) where cX is as in (6.8), it follows that P ξ (λ) = P σ (λ) if χ(σ) = χ(ξ). Putting everything together, we obtain the following corollary. Proposition 6.6. Let τ ∈ Rep(G) and assume that τ ∼ = τ θ . Then one has log T (2)
Proof. For a given regular and integral Λ ∈ it * there are exactly |W m |/|W K M | distinct elements ofM d with infinitesimal character χ Λ . Thus if one combines the PlancherelTheorem with Proposition 4.1, Proposition 6.5, equation (6.7) and the previous remarks one obtains
We let
. By the computations below one has |λ τ,w | > 0 for every w ∈ W 1 . Thus, since is P σ (λ) is an even polynomial of degree 2n for each σ ∈M 0 , for s ∈ C with Re(s) > 2n + 1 the integral
exists. Moreover, by [Fr] , Lemma 2 and Lemma 3, MI(s, τ ) has a meromorphic continuation to C which is regular at 0 and if MI(τ ) denotes its value at 0 one has
By definition one has log T (2)
and the proposition follows.
We equipX with the Riemannian metric defined by the restriction of ·, · to p. We have m ∼ = so(p − 1, q − 1). We realize the fundamental Cartan subalgebra as follows. Let
Then we put a = RH 1 .
Moreover we let (6.12)
is a Cartan subalgebra of m and
is a Cartan subalgebra of g. Define e i ∈ h * C , i = 1, . . . , n + 1, by
Then the sets of roots of (g C , h C ) and (m C , t C ) are given by
We fix positive systems of roots by
We parametrize the finite-dimensional irreducible representations τ of G by their highest weights
If Λ is a weight as in (6.13), then
(6.14)
Now we let
f,n are the fundamental weights of ∆ + (g C , h C ) which are not invariant under θ. We parametrize the finite-dimensional irreducible representations σ of M 0 by their highest weights
with highest weight Λ(σ) as in (6.16) we let w 0 σ ∈ Rep(M 0 ) be the representation with highest weight
Then for every σ ∈ Rep(M 0 ) one hasσ = σ if n is even andσ = w 0 σ if n is odd. Applying equation (6.10) this implies that
and let σ τ,k be the representation of G with highest weight (6.19) Then as in [MP, section 2.7 ] one has
Combining (6.14), (6.17) and (6.20) and Proposition 6.6 it follows that
for each τ ∈ Rep(G). Now for p, q ∈ N we let ǫ(q) := 0 for q = 1 and ǫ(q) := 1 for q > 1 and we let
Then we have Proposition 6.7. For p, q, odd, p ≥ q let X = SO 0 (p, q)/ SO(p)×SO(q) and let X = Γ\ X. Let Λ ∈ h * C be a highest weight as in (6.13) and assume that Λ θ = Λ. For m ∈ N let τ Λ (m) be the irreducible representation of SO 0 (p, q) with highest weight mΛ. There exists a polynomial P Λ (m) whose coefficients depend only on Λ, such that for all m ∈ N we have
Moreover there is a constant C Λ > 0, which depends on Λ, such that
, where ω ± f,n are as in (6.15), then C Λ = 1. Proof. Let Λ = τ 1 e 1 + · · · + τ n+1 e n+1 . By (6.14) and (6.21) we may assume that τ n+1 > 0. Put τ (m) := τ Λ (m). Then
and by Proposition 6.6,(6.20) and (6.17) we have log T
(2)
In the hyperbolic case the term (−1) v |W m |/|W K M | equals 1. Therefore this equation agrees with [MP, (5.16), (5.17) ]. Note that n = dim n. Let c X be defined by (6.9) and put (6.25) Then it follows from (6.10) and (6.20) that P Λ is a polynomial in m whose coefficients depend only on Λ. By definition one has log T (2)
So it remains to compute the constant. By (6.9) and Lemma 6.1 one has
. . This proves the first part of the proposition.
To determine the highest order term of the polynomial P Λ (m), we proceed as in [MP, Lemma 5.4 ] to show that
Denote the product on the right by Π k (t; m). Then it follows from (6.25) that
To deal with the sum, we follow [BV, 5.9 .1]. Put λ τ (m),n+1 = 0. Then λ τ (m),k , k = 0, . . . , n + 1 is a strictly decreasing sequence. For k = 0, . . . , n set
Then Q k (t; m) is the unique even polynomial of degree ≤ 2n which satisfies
Moreover we have (6.28)
As proved in [BV, Sect. 5.9 .1], each integral on the right is positive. This can be seen as follows. By (6.27), the polynomial
is a polynomial of degree 2n, which is equal to 1 at 2n + 2 pairwise distinct points. Hence Q n ≡ 1. Thus by (6.24) and (6.28) we get
Since P Λ (m) is a polynomial in m, it follows that there exists C Λ ≥ τ n+1 > 0 such that (6.23) holds . If Λ is one of the fundamental weight ω ± f,n , defined by (6.15), then it follows as in [MP, Section 5 ] that C Λ = 1. This proves the second part of the proposition.
Finally we turn to the case G = SL 3 (R), K = SO(3). We define our fundamental Cartan subalgebra as follows. Let
Then we have m = sl 2 (R), if sl 2 (R) is embedded into g as an upper left block. Let
embedded into g as an upper left block. Then t is a Cartan subalgebra of m and
is a θ-stable fundamental Cartan subalgebra of g. Note that h is different from the usual Cartan subalgebrah of g which consist of all diagonal matrices of trace 0. Define f 1 ∈ a * and f 2 ∈ it * by f 1 (H 1 ) = 3; f 2 (H 2 ) = i.
We fix f 1 as a positive restricted root of a. Then we can define positive roots by
Under our normalization one has
One easily sees that dim n = 2, hence n = 1. Moreover by [Kn2, page 485] one has |W (A)| = 1. For k ∈ N let σ k ∈ Rep(M 0 ) be of highest weight kf 2 . Then it follows from (6.10) and (6.9) that
Define e i ∈h * C by e i (diag(t 1 , t 2 , t 3 )) = j δ i,j t j . Then one can choose positive roots (6.33) and there is a standard inner-automorphism Φ of g C which sends h C toh C and which satisfies
The fundamental weightsω 1 ,ω 2 ∈h * C are given bỹ
Thus the fundamental weights ω 1 , ω 2 ∈ h * C are given by (6.35) Let N 0 := N ⊔ {0}. If Λ is a weight, Λ = τ 1 ω 1 + τ 2 ω 2 , τ 1 , τ 2 ∈ N 0 , then a standard computation shows that
Now we fix τ 1 , τ 2 ∈ N 0 , τ 1 + τ 2 > 0 and for m ∈ N we let τ (m) be the representation of G with highest weight Λ(τ (m)) := mτ 1 ω 1 + mτ 2 ω 2 . (6.37)
We letW g be the Weyl-group of ∆(g C ,h C ). ThenW g consists of all permutations of e 1 , e 2 , e 3 . LetW
Then one has {(w, ℓ(w)); w ∈W 1 } = (Id, 0); e 1 e 2 e 3 e 1 e 3 e 2 , 1 ; e 1 e 2 e 3 e 3 e 1 e 2 , 2 .
By a direct computation we get {w(Λ (τ (m) ) +ρ G ), ℓ(w); w ∈W 1 } = 2mτ 1 + mτ 2 + 3 3 (e 1 − e 2 ) + mτ 1 + 2mτ 2 + 3 3 (e 2 − e 3 ); 0 , 2mτ 1 + mτ 2 + 3 3 (e 1 − e 2 ) + mτ 1 − mτ 2 3 (e 2 − e 3 ); 1 , −mτ 1 + mτ 2 3 (e 1 − e 2 ) + −2mτ 1 − mτ 2 − 3 3 (e 2 − e 3 ); 2 .
(6.38)
As in [BV, 5.9 .2] we introduce the following constants
A 3 (τ (m)) := mτ 2 + 1 2 (6.39) and C 1 (τ (m)) := mτ 1 + 2mτ 2 + 3 3 ; C 2 (τ ) := mτ 1 − mτ 2 3 ;
C 3 (τ ) := 2mτ 1 + mτ 2 + 3 3 .
(6.40)
Note that onh * C one hasω 1 = e 1 ;ω 2 = e 1 + e 2 , since the matrices inh * C have trace 0. Then, combining (6.34) and (6.38), we get
Thus if we apply (6.32) we obtain
We can now prove our main result about the L 2 -torsion for the case G = SL 3 (R).
Proposition 6.8. Let X = SL(3, R)/ SO(3) and X = Γ\ X. Let Λ ∈ h * C be a highest weight with Λ θ = Λ. For m ∈ N let τ Λ (m) be the irreducible representation of SL(3, R) with highest weight mΛ. There exists a polynomial P Λ whose coefficients depend only on Λ such that
Moreover, there exists a constant C(Λ) > 0 depending only on Λ such that
as m → ∞. If Λ equals one of the fundamental weights ω f,i then C(Λ) = 4/9.
Proof. There exist
Then by Proposition 6.6, equation (6.39), (6.40) and (6.41), the first statement is proved and it remains to consider the asymptotic behavior of the polynomial P Λ . We differentiate two cases. First we assume that τ 1 τ 2 = 0. Then if we put
; τ 2 ≥ τ 1 , an explicit computation using equation (6.39), (6.40) and (6.41) shows that
as m → ∞. Note that α 4 (τ ) > 0 by our assumption on τ 1 and τ 2 . Now we assume that τ 1 τ 2 = 0. Then if we define
, an explicit computation using equation (6.39), (6.40) and (6.41) gives
as m → ∞. For SL 3 (R) one has v = 1 and using Lemma 6.1 one gets
is self-dual. Thus using Proposition 6.6 we obtain log T
X (τ (m)) = vol(X)
as m → ∞, if τ 1 τ 2 = 0, and log T
X (τ (m) = vol(X)
as m → ∞, if τ 1 τ 2 = 0. Now we define constants
Then by Weyl's dimension formula one has
This completes the proof of the proposition.
Lower bounds of the spectrum
In this section we assume that X is odd-dimensional and that δ( X) = 1. Our goal is to establish the lower bound (1.11) for the spectrum of the Laplace operators ∆ p (τ λ (m)). To this end we use (5.4), which reduces the problem to the estimation from below of the endomorphism E p (τ λ (m)). First we introduce some notation. Let X = G/K. There is a decomposition X = X 0 × X 1 with δ( X 0 ) = 0 and X 1 is an irreducible symmetric space with δ( X 1 ) = 1. Since X 0 is even-dimensional, the dimension of X 1 is odd. Let G = G 0 × G 1 be the corresponding decomposition of G. Then δ(G 0 ) = 0 and by the classification of simple Lie groups,
. Let g i , i = 0, 1 be the Lie algebra of G i . Let t 0 ⊂ g 0 be a compact Cartan subalgebra and let h 1 ⊂ g 1 be a fundamental Cartan subalgebra. Then h 1 is of split rank one. Put
Then h is a Cartan subalgebra of split rank one. Let (τ, V τ ) ∈ Rep(G) with highest weight λ ∈ h * C . Then λ = λ 0 + λ 1 , where λ 0 ∈ t * 0,C and λ 1 ∈ h * 1,C are highest weights. Let θ : g → g be the Cartan involution. Assume that λ θ = λ. Then λ 1 satisfies (λ 1 ) θ = λ 1 . Let (τ i , V τ i ) ∈ Rep(G i ), i = 0, 1, be the representations with highest weight λ i . Then
Let Ω i ∈ Z(g i,C ), i = 1, 2, be the Casimir operator of g i . Then Ω = Ω 0 ⊗ Id + Id ⊗Ω 1 . Similarly, we have Ω K = Ω 0,K ⊗ Id + Id ⊗Ω 1,K . Set
be the corresponding endomorphisms acting in
Therefore it suffices to estimate E i,p (τ i ), i = 0, 1. Let us first recall the general formula for the Casimir eigenvalues. We let g be a semisimple real Lie algebra with Cartan decomposition g = k ⊕ p. Let t be a Cartan subalgebra of k and let h = t ⊕ b, b ⊂ p be a θ-stable Cartan subalgebra of g containing t. Let the associated groups G and K be as in the introduction. Let · denote the norm induced by the (suitably normalized) Killing form on the real vector space b * ⊕ it * . Fix positive roots ∆ + (g C , h C ), ∆ + (k C , t C ) and let ρ G resp. ρ K be the half sum of the positive roots. Let τ be an irreducible finite-dimensional complex representation of G with highest weight Λ(τ ) ∈ b * ⊕ it * and let ν be an irreducible unitary representation of K with highest weight Λ(ν) ∈ it * . Then we have
Now we prove the following general bound, which we use to deal with E 0,p (τ 0 ).
Lemma 7.1. Let λ ∈ h * C be a highest weight. Given m ∈ N, let τ λ (m) be the irreducible representation with highest weight mλ. There exists C > 0 such that Proof. Let τ ∈ Rep(G) be of highest weight Λ(τ ). Let ν ′ ∈K with highest weight Λ(ν ′ ) ∈ it * . Assume that [τ | K : ν ′ ] = 0. We claim that there is a weight λ of τ such that Λ(ν ′ ) = λ| t . To see this, let V τ be the space of the representation τ and let V τ (Λ(ν ′ )) be the eigenspace of t with eigenvalue Λ(ν ′ ). Then V τ (Λ(ν ′ )) is invariant under h. So it decomposes into joint eigenspaces of h. Let λ be the weight of one of these eigenspaces. Then λ| t = Λ(ν ′ ). Now we note that as a weight of τ , λ belongs to the convex hull of the Weyl group orbit of Λ(τ ) (see [Ha, Theorem 7.41] ). Thus we get ∈ it * and µ ∈ it * which is a weight of ν p such that the highest weight Λ(ν) of ν is given by µ + Λ(ν ′ ). Since Λ(τ ) is dominant we have
Thus by (7.4) we get
There is C > 0 such that µ + ρ K ≤ C for all weights µ of ν p . Hence there is C 1 > 0 such that for all τ ∈ Rep(G) one has (7.5) Λ(τ ) + ρ G 2 − Λ(ν) + ρ K 2 ≥ −C 1 ( Λ(τ ) + 1) for all ν ∈ K with [ν p (τ ) : ν] = 0. Now we apply this to τ λ (m). By definition of τ λ (m) we have Λ(τ λ (m)) = mλ. Using (7.5), (7.3), the lemma follows.
Now we turn to the estimation of E 1,p (τ 1 ). In this case we have either G 1 = SO 0 (p, q), p, q odd, or G = SL(3, R). We deal with these cases separately.
7.1. The case G = SO 0 (p, q). Let p = 2p 1 + 1, q = 2q 1 + 1. Let n := p 1 + q 1 . Let K = SO(p) × SO(q) and X = G/K. We let t and h be as in section 6. Also the Killing form will be normalized as in this section. Then we have the following lemma.
Lemma 7.2. Let Λ ∈ h * C be given as Λ = k 1 e 1 + · · · + k n+1 e n+1 , k 1 ≥ k 2 ≥ · · · ≥ k n+1 ≥ 0. Let Λ ′ ∈ h * C belong to the convex hull of the set {wΛ, w ∈ W G } and let λ ∈ it * be given by λ := Λ ′ | t . Then one has
Proof. Recall that the Weyl group W G consist of permutations and even sign changes of the e 1 , . . . , e n+1 . Thus there exist α 1 , . . . , α m ∈ (0, 1), m j=1 α j = 1, and for each j = 1, . . . , m a σ j ∈ S n+1 , the symmetric group, and a sequence ǫ j,1 , . . . , ǫ j,n+1 ∈ {±1} such that C which is a weight of ν p such that the highest weight λ(ν) of ν is given by µ + λ(ν ′ ). Now there is a Λ ∈ h * C which is a weight of τ (m) such that λ(ν ′ ) = Λ| t . By [Ha, Theorem 7.41] , Λ belongs to the convex hull of the Weyl group orbit of Λ(τ (m)). Thus applying (7.3) and Lemma 7.2, we obtain constants C 1,2 which are independent of m such that This implies the proposition.
7.2. The case G = SL(3, R). We use the notation of section 6. We choose the Cartan subalgebra h ⊂ g, which is defined by (6.30). The fundamental weights ω i ∈ h * C , i = 1, 2, are given by (6.35). Let Λ ∈ h * C be a highest weight. For m ∈ N let τ Λ (m) be the irreducible representation with highest weight mΛ. for all p = 0, . . . , d and m ∈ N. Combined with (7.2) the proof follows.
Corollary 7.6. Let the assumptions be as in Proposition 7.5. There exist constants C 1 , C 2 > 0 such that
for all p = 0, . . . , d and m ∈ N.
Proof. Recall that the Bochner-Laplace operator satisfies ∆ νp(τ (m)) ≥ 0. Hence the corollary follows from (5.4) and Proposition 7.5.
Proof of the main results
First assume that δ( X) = 0. Note that δ( X) = 0 implies that dim X is even. Hence, it follows from Proposition 4.2 that T X (τ ) = 1 for all finite-dimensional irreducible representations of G, which proves part (i) of Theorem 1.1. Now assume that δ( X) = 1. Let h ⊂ g be a fundamental Cartan subalgebra. Let λ ∈ h * C be a highest weight with λ θ = λ. We first consider the second term on the right hand side. To this end we need the following lemma.
for t ≥ 1 and m ≥ m 0 . Hence we get d ds
